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quired length is 106.826 yards. Note here that if the weight is taken as distributed along the 
horizontal, i. e., along the a;-axis instead of along the wire there is obtained by simple moments 
cdy = xdx and with the origin as before except that the low point is taken instead of a point c 
below, there is obtained the parabolic relation x = "vS^, with y = 1. Hence, x = -^2800 
= 62.916 and L = 105.83 yds., which is sufficiently close for this problem. As a matter of 
interest, it is seen that since y/e = cosh x/c, the origin a distance c below the low point, by expand- 
ing the cosh to two terms, 1 + xy2c% and replacing y hy y — c the parabolic relation above is 
obtained, which is a measure of the approximation of this method of solving the catenary. 

(6) Here y/c = sec *> + im tan^ <p; x/c = gd~^ ip +'m tan <p. m = \H, where 1 is the unit 
extension of the wire. Since the wire weighs 0.1 pound per yd., taking steel as weighing 10.2 
pounds per sq. in. per yd., and the modulus of elasticity as 30,000,000 pounds per sq. in., we have 
since 1 = H/AE, where a is the area of the section of the wire and E the modulus, m = 6664 X 10~*. 
Expressing the y equation as a quadratic in sec <p and solving for <p, <p = 2° 5' 54". Substituting 
this value in the equation for x and again replacing the gudermanian by its logarithmic equivalent 
we get X = 64.74 and L = 109.68 yds. Do not mistake the difference between this value and 
the above as the extension of the wire. Its meaning is that when allowance is made for extension 
it is necessary to spread the supports above the difference apart in order to maintain the deflection 
of one yard. The parabolic expression for this case is more compUcated than the exact. 

Also solved by J. V. Balch, Horace Olson, A. R. Nauee, Paul Capron, 
and Louis G. Pooler. 

2666. Proposed by W. WOOLSET JOHNSON, Annapolis, Md. 

Ten equations between five quantities, xi, X2, Xz, Xi, Xi being written as follows: rci = 1 — a;3a;4 
and four others formed by the cychc interchange of the sufiixes; also a;6a;ia;2 = a;6 + rca - 1 and 
four others formed by the cycUc interchange; prove that only three of these equations are inde- 
pendent. In other words, the values of xi and xi being assumed at pleasure, Xa, Xi, and Xf, can be 
so determined as to satisfy all ten equations. 

I. Solution by Arnold Dresden, University of Wisconsin. 

Denote by Ei the function Xi + Xi+^Xi^ - 1 and by Ei the functiona;<a;j+ia;i4.2 - a;, - Xi+2 + 1. 
Then the proposed equations may be written in the form Ei = 0, Bj = 0, (i = 1, • • •, 6), the sub- 
scripts being reduced modulo 6. 

We have the following identities: 



f Xi^iEi - 
1 xt-iEi - 



— Ei^ = Ei^i 



^'^ ' - E -E 

• Jii+2 = Jl'i+i, 

SO that the equations Et = are dependent upon the equations Et = 0. 
But from the relation (1), we derive, moreover, the following 

(5) Ei-i + Xi-iEi s Xi+iEi^i + Ei+2. 

Hence from any three of the equations, Et =0, the remaining two must follow. 

II. Solution by Horace L. Olson, Heidelberg University, Tiffin, Ohio. 

XeXlX2 = Xs + X2 — 

ajiajsajj = xi + xa - 

a;2a;3a;4 = Xi +X4 — 

XaXiXs = Xa + Xs — 

X4SCiXi = Xi + xi — 

Let us assume, first, that XiXi 4= 1. Then from equations (4), (2), and (3), respectively, 
we find that, 

Xi = \ - X1X2, Xs = {1 - Xi)l{\ - XiXi), % = (1 - Xi)l(X - XiXi). 



The ten equations mentioned are 




(1) a;i = 1 - xsXi 


(6) 


(2) a;2 = 1 — XiXi 


(7) 


(3) Xa = \ — XiXi 


(8) 


(4) a;4 = 1 - a;ia;2 


(9) 


(6) Xi = 1 — xsxs 


(10) 
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To show that the remaining equations are dependent upon these three, we note that equations 
(3), (4), (2) lead respectively to 

1 — X'^z = 1 — a;2 + XiXiX6, 1 - x&z = 1 - a;2 + ^(l — Xt), 1 — X'^z = %. 

This last equation is equation (6). 
Similarly we have 

1 — xzXi = 1 — a;4 + Xixgci, 1 — X3X4 = 1 — Xi -\- Xi — xix^, 1 — xsXi = xi, 

This last equation is (1). 

Multiplying (4) by %, we have xeXiX^ = % — xgxt and then xexix^ = % + 3:2 — 1 from (2); 

This last equation is (6). Since, then, equations (2) to (5) and (7) to (10) are obtained from 
(1) and (6) by cychc permutation of the suffixes, it follows that upon equations (2), (3), and (4) 
all the others depend. This, we note, is true whether or not XiXi = 1. If a;ia;2 = 1, we find from 
(4), (1), and (2), respectively, xt = 0, a;i = 1, X2 = 1. Equations (3) and (5) then both become 
X3 +Xi = 1. Under these conditions equations (6) to (10) are satisfied identically, and Xs and Xs 
are not determined. 

Also solved by Elijah Swift, Paulink Spekry, C. C. Yen, and Herbert N. 
Carleton. 

QUESTIONS AND DISCUSSIONS. 

Send all communications to TJ. G. Mitchell, University of Kansas. 

DISCUSSIONS. 

I. Concerning Direction Cosines and Hesse's Normal Form. 

By Maxime BdcHBE, Harvard University. 

For many years I have felt that Hesse's form for the equation of a line is out 
of place in a course on elementary analytic geometry^ and have omitted it from 
my own course. I am glad to find the same view expressed by two writers in 
recent numbers of the Monthly (p. 476, 1917 and p. 181, 1918) who give proofs 
of the formula for the distance from a point to a line which do not involve the 
use of Hesse's form. Perhaps I may be permitted to call attention to a proof of 
this kind which I have published elsewhere^ and which seems to me to have 
two advantages over those recently given in the Monthly, namely, first, that it 
requires no reference to the figure with the consequent necessity (if we wish to be 
complete, that is, really to give a proof) of examining exhaustively the various 
forms the figiu-e may take on; and secondly, that it admits of immediate extension 
to the corresponding problem in solid analytic geometry. 

It is perhaps not quite so clear that Hesse's form for the equation of a plane 
in solid analytic geometry should be removed from the pages of elementary 
text books or relegated to small-type sections, since this form is commonly 
used not merely in connection with the formula for the distance from a point to 
a plane but also as the primary form of the equation of a plane from which the 
other forms are deduced. I will indicate how I am accustomed to dispense with 
it altogether, and at the same time to relegate the too pervasive direction cosines 

' It has its definite, though very hmited, place in higher work. 
2 B6cher, Plane Analytic Oeometry, Henry Holt & Co., 1915, p. 38. 



